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Homomorphisms between Poisson J C*-Algebras

Chun-Gil Park*

Abstract. It is shown that every almost linear mapping # : A — B of a unital
Poisson JC*-algebra A to a unital Poisson JC*-algebra B is a Poisson JC*-algebra
homomorphism when h(2"u o y) = h(2"u) o h(y), h(3"u o y) = h(3"u) o h(y) or
h(q"u oy) = h(q"u) o h(y) for all y € A, all unitary elements u € A and n =
0,1,2,---, and that every almost linear almost multiplicative mapping » : A — B
is a Poisson JC*-algebra homomorphism when h(2x) = 2h(x), h(3x) = 3h(x) or
h(gx) = qh(x) for all x € A. Here the numbers 2, 3, g depend on the functional
equations given in the almost linear mappings or in the almost linear almost multiplicative
mappings.

Moreover, we prove the Cauchy—Rassias stability of Poisson JC*-algebra homomor-
phisms in Poisson J C*-algebras.

Keywords: Poisson JC*-algebra homomorphism, Poisson J C*-algebra, stability, lin-
ear functional equation.

Mathematical subject classification: Primary: 46L05, 39B52; Secondary: 47B48,
17B63.

1 Introduction

A Poisson C*-algebra A isa C*-algebrawith a C-bilinearmap {-, -} : Ax A —
A, called a Poisson bracket, such that (A, {-, -}) is a complex Lie algebra and

{ab, ¢} = a{b, c} + {a, c}b

for all a, b, c € A. Poisson algebras have played an important role in many
mathematical areas and have been studied to find sympletic leaves of the cor-
responding Poisson varieties. It is also important to find or construct a Poisson
bracket in the theory of Poisson algebra (see [3, 7, 8, 20]).
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80 C. PARK

The original motivation to introduce the class of nonassociative algebras known
as Jordan algebras came from quantum mechanics (see [19]). Let £L(H ) be the
real vector space of all bounded self-adjoint linear operators on 2, interpreted as
the (bounded) observables of the system. In 1932, Jordan observed that £(#)
is a (nonassociative) algebra via the anticommutator product x o y := %
A commutative algebra X with product x o y is called a Jordan algebra. A
unital Jordan C*-subalgebra of a C*-algebra, endowed with the anticommutator
product, is called a JC*-algebra.

Let X and Y be Banach spaces with norms ||-|| and || - ||, respectively. Consider
f: X — Y to be a mapping such that f(¢x) is continuous in ¢+ € R for each
fixed x € X. Assume that there exist constants & > 0 and p < [0, 1) such that

IfGx+y) = f&) = fODI = 0d1xN” + 1Iy117)

forall x, y € X. Rassias [12] showed that there exists a unique R-linear mapping
T : X — Y such that

1) =TI < 5

forall x € X. Gavruta [2] generalized the Rassias’ result: Let G be an abelian
group and Y a Banach space. Denote by ¢: G x G — [0, co) a function such
that

[lx]1”

P, y) =) 279@2/x,2/y) <00
j=0

forall x, y € G. Suppose that f : G — Y is a mapping satisfying
[fx+y)—F&) = fDI = e, y)

forall x, y € G. Then there exists a unique additive mapping 7 : G — Y such
that

1.
If @) = Tl = 59, x)

for all x € G. C. Park [9] applied the Gavruta’s result to linear functional
equations in Banach modules over a C*-algebra.

Junand Lee [4] proved the following: Denoteby ¢ : X\ {0} x X\{0} — [0, co)
a function such that

Px,y) =) 3793 x,3y) <0

j=0
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HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 81
forall x, y € X \ {0}. Suppose that f : X — Y is a mapping satisfying

12/ (*52) = F@) = FOII < 0, )

forall x, y € X \ {0}. Then there exists a unique additive mapping 7 : X — Y
such that

1. ~
If(x) = f(O0) = Tx)| = §(<ﬁ(x, —x) 4+ §(—=x, 3x))

forall x € X \ {0}. C. Park and W. Park [11] applied the Jun and Lee’s result to
the Jensen’s equation in Banach modules over a C*-algebra.

Recently, Trif [18] proved the following: Letq := "“4=2, r := —-L.. Denote
by ¢ : X? — [0, co) a function such that

o0
a(xla e ,Xd) = Zq_l(p(qlxlv e 5qjxd) < 00
j=0
forall x;,---,x; € X. Suppose that f: X — Y is a mapping satisfying

d
+a—2C11 Z f(x;)

j=1

Xi 4ot x
= f(%)” < @(x1, -+, Xa)

l<jpi<<ji=d

X + oo + X
ld d—zcz—zf(;)

d

forall x1, - - - , x4 € X. Then there exists a unique additive mapping7 : X — Y
such that
Ifx) = fO) =T < ——F5—@(gx,rx, - ,rx)
l- d_j_Cl_]_ —

d — 1times

forall x € X. And C. Park [10] applied the Trif’s result to the Trif functional
equation in Banach modules over a C*-algebra. Several authors have investigated
functional equations (see [1], [13]-[17]).

Throughout this paper, let ¢ = ”;’—:11) and r = —ﬁ for positive integers I, d
with2 <[ < d — 1. Let A be a unital Poisson JC*-algebra with norm || - ||,
unit e and unitary group ‘U(A), and B a unital Poisson JC*-algebra with norm
| - || and unit ¢’.
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82 C. PARK

Using the stability methods of linear functional equations, we prove that every
almost linear mapping 4 : A — B is a Poisson JC*-algebra homomorphism
when A(2"u o y) = h(2"u) o h(y), h(3"u o y) = h(3"u) o h(y) or h(q"uoy) =
h(g"u) o h(y) forall y € A, all u € U(A)andn = 0,1,2,---, and that
every almost linear almost multiplicative mapping & : A — B is a Poisson
J C*-algebra homomorphism when h(2x) = 2h(x), h(3x) = 3h(x) or h(gx) =
gh(x)forallx € A. We moreover prove the Cauchy—Rassias stability of Poisson
J C*-algebra homomorphisms in Poisson J C*-algebras.

2 Homomor phisms between Poisson JC*-algebras

Definition 2.1. A C-linear mapping H : A — B is called a Poisson JC*-
algebra homomorphism if H: A — B satisfies

H(xoy)=H(x)o H(y),
H({x,y}) ={H(x), H(y)}

forall x,y € A.

We are going to investigate Poisson JC*-algebra homomorphisms between
Poisson J C*-algebras associated with the Cauchy functional equation.

Theorem 2.1. Leth: A — B be a mapping satisfying #(0) = 0 and 2(2"u o
y) =h@"u)oh(y)forally e A,allu e U(A)andn =0, 1, 2, -- -, for which
there exists a function ¢: A* — [0, oo) such that

o(x,y,z,w) ;= Z 27 p2x,27y,2/7, 27 w) < oo, (2.1)
Jj=0
lh(ux + py + {z, w}) — ph(x) — pwh(y) — {h(z), h(w)}l
<ex,y,z,w) (2.ii)

forallp e T :={L e C| |A| =1},andall x, y, z, w € A. Assume that (2.iii)

lim,,_ oo “2€ = ¢’. Then the mapping # : A — 3B is a Poisson JC*-algebra

homomorphism.

Proof. Putz =w =0and u =1 e T in (2.ii). It follows from Gavruta’s
Theorem [2] that there exists a unique additive mapping H: A — B such that

1_ .
lh(x) = H)| = 59(x, x, 0,0 (2.iv)
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HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 83

for all x € A. The additive mapping H: A — B is given by
H(x) = lim Zinh(znx) (2.1)

forall x € A.

By the assumption, for each p € T?,

122" 1x) = 2uh(2" 0| < (2" 1%, 2%, 0, 0)
for all x € A. And one can show that
lieh(2x) = 2ph "0 < |l - 1h(2"%) = 2R(2"10)|
< @@ 1x,2""1x,0,0)

forall u € T*and all x € A. So

172" x) — ph(2"x) || <[h(2"pux) — 2puh(2"tx) ||
+ 12nh (2" x) — uh(2"x) ||
<@(2"x,2"1x,0,0) + (2" 1x, 2" 1x,0,0)

forall w € T*and all x € A. Thus 27" ||h(2"ux) — uh(2"x)|| — 0asn — oo
forall u € T*and all x € A. Hence

h(2'px)
n

m M = puH(x) (2.2)

li
n—oo n

H(ux) = lim
n—oo
forall w € T*and all x € A.

Now let A € C (A # 0) and M an integer greater than 4|A|. Then |%| < ;11 <
1— 2 =1 By 5, Theorem 1], there exist three elements /1, 12, us € T* such
that 3% =1+ m2+ p3. And H(x) = H(3- %x) = 3H(%x) forallx € A. So
H(3x) = $H(x) forall x € A. Thus by (2.2)

Howy = (M 32 = nm(L3r )= My
VEM 3 Y T 3°°MY) T 3 M

M M
= 3 H(uax + pox + uax) = ?(H(Mlx) + H(pox) + H(u3x))
Y o+ HD = 23
) M1 T M2 T U3 X) = 3 Y X

=AH(x)
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84 C. PARK

forall x € A. Hence
H(x+ny)=H@Ex)+ Hny) =¢H(x) +nH(y)

forall¢, n e C(¢,n #0)andall x,y € A. And H(0x) = 0 = 0H (x) for all
x € A. So the unique additive mapping H: A — B is a C-linear mapping.

Since h(2'u o y) = h(2"'u) o h(y) forall y € A, all u € U(A) and n =
0’ 1s 2’ R

1
Hwoy)= lim Z—nh(Z”u oy)

1 (2.3)
= lim (@) 0 h(y) = H(w) o h(y)
forall y € A and all u € U(A). By the additivity of H and (2.3),
2"H@woy)=H@uoy) = Huo (2"y)) = Hu) o h(2"y)
forally e Aandall u € U(A). Hence
H@oy) = 2%H(u) o h(2"y) = H(u) o Zinh(z"y) (2.4)

forall y e Aandall u € U(A). Taking the limitin (2.4) asn — oo, we obtain
H(uoy) = H(u)o H(y) (2.5)

forall y € A and all u € U(A). Since H is C-linear and each x € A is
a finite linear combination of unitary elements (see [6, Theorem 4.1.7]), i.e.,
X = ZT:l)‘juj (r; € C,u; € U(A)),

H(xoy) = H(ijuj oy) = ijH(uj oy) = Z)»jH(Mj)OH()’)
j=1 j=1 j=1
j=1

forall x,y € A.
By (2.iii), (2.3) and (2.5),

H(y)=H(eoy) = H(e) o h(y) =€ o h(y) = h(y)

forall y € A. So
H(y) = h(y)

Bull Braz Math Soc, Vol. 36, N. 1, 2005



HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 85

forall y € A.
It follows from (2.1) that
. h(2%x)
forallx € A. Let x = y = 0in (2.ii). Then we get
”h({Z? w}) - {h(Z), h(U))}” 5 (p(oa 07 Z, U))

forall z, w € A. So

1 1

qulh({Z"z, 2"w}) — {h(2"z), h(2"w)}| < 27@(0, 0,2z, 2"w)
(2.7)

1
< 2—,,@(0, 0,2"z,2"w)
forall z, w € A. By (2.i), (2.6), and (2.7),

h(2%'{z, w}) — lim h({2"z, 2"w})

H({Z’ w}) - nll)rgo 22" n—o00 22”

n T on

- nli)ngo %{h(Z”Z), h(2'w)} = nILr‘ro]O {h(Z"Z) h(2"w) }

={H(2), H(w)}

forall z, w € A.
Therefore, the mapping 2: AA — BisaPoisson JC*-algebrahomomorphism,
as desired. O

Corollary 2.2. Leth: A — Bbe amapping satisfying #(0) = 0 and 2(2"u o
y) =h@"u)oh(y)forally e A,allu € U(A)andn =0, 1, 2, -- -, for which
there exist constants 6 > 0 and p € [0, 1) such that

Ih(ux + py +{z, wh—ph(x) — ph(y) — {h(z), h(w)}|
< O + 11y 11” + Hzll” + Hwll”)

forall « € T and all x, y, z, w € A. Assume that lim,_. 222 = ¢’. Then

the mapping 4: A — B is a Poisson J C*-algebra homomorphism.
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86 C. PARK

Proof. Define ¢(x, y, z, w) = 6(|Ix||” + lIyIl” + |IzII” + [|w]|?), and apply
Theorem 2.1. O

Theorem 2.3. Leth: A — B be a mapping satisfying 2(0) = 0 and 2(2"u o
y) =h@"u)oh(y)forally e A,allu e U(A)andn =0,1, 2, -- -, for which
there exists a function ¢: A* — [0, oo) satisfying (2.i) and (2.iii) such that

IA(ux + my +{z, w}) — ph(x) — ph(y) — {h(2), h(w)}]

2.
<o, y,z,w) @)

foru =1,i,andallx, y,z, w € A. Ifh(zx) iscontinuousinz € R for each fixed
x € A, thenthe mapping 2: A — BisaPoisson JC*-algebra homomorphism.

Proof. Putz = w = 0and © = 1in (2.v). By the same reasoning as in
the proof of Theorem 2.1, there exists a unique additive mapping H: A — B
satisfying (2.iv). The additive mapping H: A — B is given by

1
H(x) = lim 2—nh(2”x)

for all x € A. By the same reasoning as in the proof of [12, Theorem], the
additive mapping H: A — B is R-linear.

Puty =z =w =0and u =i in (2.v). By the same method as in the proof
of Theorem 2.1, one can obtain that
h(2"ix) ih(2"x)

= lim
n—>oo

H(@ix) = lim

n—o0

=iH(x)
forall x € A. ForeachelementA € C, A = s +it, wheres,t € R. So

H(x)=H(sx +itx) =sHx)+tH(ix) =sHx) +itH(x)
=6 +it)H(x) =1H((x)

forallL e Candall x € A. So
H(x +ny)=H(x)+ H(ny) = ¢H(x) +nH(y)

forall ¢,n € C,and all x, y € AA. Hence the additive mapping H: A — B s
C-linear.
The rest of the proof is the same as in the proof of Theorem 2.1. O
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HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 87

Theorem 2.4. Leth: A — B be a mapping satisfying 2(2x) = 2h(x) for all
x € A for which there exists a function ¢: A% — [0, co) satisfying (2.i), (2.ii)
and (2.iii) such that

172" 0 y) — h(2"u) o h(Y)|| < ¢(u, y,0,0) (2.vi)

forally € A,allu € U(A)andn =0,1,2,.... Thenthemappingh: A — B
is a Poisson J C*-algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 2.1, there exists a
unique C-linear mapping H : A — B satisfying (2.iv).
By (2.vi) and the assumption that 2(2x) = 2h(x) forall x € A,

1
3@ o) = h@'w) 0 h(]| = 5 [1h(2"2"u 0 2") = h2"2"u) 0 h2"Y)]|
1
=< 47()0(2’"”9 Zmys 0’ 0)

< 0@, 2"7,0,0),
which tends to zero as m — oo by (2.i). So
h(2"uoy) = h(2"u) o h(y)
forally e A,allu e U(A)andn =0,1,2,---. Buthy (2.1),
Hx) = nILngo Zinh(Z"x) = h(x)
forall x € A.

The rest of the proof is the same as in the proof of Theorem 2.1. O

Now we are going to investigate Poisson JC*-algebra homomorphisms be-
tween Poisson J C*-algebras associated with the Jensen functional equation.

Theorem 2.5. Leth: A — B be a mapping satisfying 2(0) = 0 and 4 (3"u o
y) =h@"u)oh(y)forally e A,allu € U(A)andn =0, 1,2, ---, forwhich
there exists a function ¢ : (A \ {0})* — [0, co) such that

o(x,y,z,w) ;= ZS‘jgo(Bjx, 3/y,3/z, 3 w) < oo, (2.vii)
j=0
+py + {2,
j2n(PEEIY Tl o () (h @), b))

2
<ex,y,z,w)  (2.viii)
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88 C. PARK

forall « € T and all x, y, z, w € A. Assume that lim,_. “$2 = ¢’. Then

the mapping 2: A — B is a Poisson JC*-algebra homomorphism.

Proof. Putz = w = 0and u = 1 € T! in (2.viii). It follows from Jun
and Lee’s Theorem [4, Theorem 1] that there exists a unique additive mapping
H: A — Bsuch that

1 ~

IA(x) — HX)| < §(§0(X, —x,0,0) + ¢(—x, 3x,0,0))

forall x € A\ {0}. The additive mapping H: A — B is given by
H(x) = lim %h(l%"x)

forall x € A.
By the assumption, for each . e T*,

123" ux) — ph(2 - 3" 1x) — ph(4 -3 10| < 92-3""x,4-3"1x,0,0)
forall x € A\ {0}. And one can show that

lih(2 -3 x) 4 wh(4 - 3"71x) — 2uh(3"X)||
<|pl-1h2 -3 %) + h(4-3"1x) — 2R3 )|
<9-3"1,4.3""1x,0,0)

forall w e T*and all x € A \ {0}. So
1 1
1h@"ux) = ph(@" Ol =A@ x) = Sph(- 3" 1x) — SHh(4 3" 1x)
1 9 1 .
+ Suh(2- 3700 4 Sph(4 -8 x) — ph(E'))|
1
=5 12h(3" x) = ph(2- 3" x) — uh(4 -3 )|
1
+ E” wh(2 -3 1) + uh(é - 3" 1x) — 2uh(3"x)||
2
5§¢(2 .31y, 4.3""1x,0,0)

forall x € T*and all x € A \ {0}. Thus 37" ||h(3"ux) — uh(3"x)|| — 0 as
n— ooforallu e Ttandall x € A \ {0}. Hence

h(3" ux) _ lim wh(3"x)

4 n— oo 3

H(ux) = lim = uH(x)
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forall w e T*and all x € A \ {0}.

By the same reasoning as in the proof of Theorem 2.1, the unique additive
mapping H: A — B is a C-linear mapping.

By a similar method to the proof of Theorem 2.1, one can show that the
mapping #: A — B is a Poisson JC*-algebra homomorphism. g

Corollary 2.6. Leth: A — Bbe amapping satisfying #(0) = 0 and 2(3"u o
y) =h@"u)oh(y)forally e A,allu € U(A)andn =0, 1, 2, -- -, for which
there exist constants & > 0 and p € [0, 1) such that

ux + uy +{z, w}
2

l12A( )=mh(x) = ph(y) = {h(2), h(w)}|

< O0dlxN” + NP+ Nzll? + Nwll?)
forall € T*, and all x, y, z, w € A \ {0}. Assume lim,,_, o, 22
the mapping 4: A — B is a Poisson JC*-algebra homomorphism.

=¢'. Then

Proof. Define ¢(x, y, z, w) = 0(|x||? + |I¥II” + ||z||? + ||w||?), and apply
Theorem 2.5. O

One can obtain similar results to Theorems 2.3 and 2.4 for the Jensen functional
equation.

Finally, we are going to investigate Poisson JC*-algebra homomorphisms
between Poisson J C*-algebras associated with the Trif functional equation.

Theorem 2.7. Leth: A — B be a mapping satisfying #(0) = 0 and h(g¢"u o
y) = h(g"u)oh(y)forally e A,allu e U(A)andn =0, 1,2, ---, forwhich
there exists a function ¢ : A%+2 — [0, co) such that

e ¢]

@'(xl,-u s Xds 2y w) = Zq‘jw(qjxl, ,qjxd,qu,qu) <00, (2.ix)
=0
d
Uxy + -+ puxg {z, w}
d s -2Ci_oh _»Ci_ h(x;
Id 4—2Ci—2 ( y dd—ZCl—2)+d 2C 12# (x;)
X+ tx;
Y (B . b 29

I<ji<--<ji<d

<@(xy, -+, X4, 2, w)
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forall u € T',andall xq, - - - , x4, 2, w € A. Assume lim,,_ o h(ZZe) =¢. Then
the mapping 4: A — B is a Poisson J C*-algebra homomorphism.

Proof. Putz =w =0andu =1 € T in(2.x). It follows from Trif’s Theorem
[18, Theorem 3.1] that there exists a unique additive mapping H: A — B such
that

1 ~
Ih(x) — Hx)|| < —F=—9¢(gx,rx,---,rx,0,0)
l-q1Cia —_—
d — 1times

for all x € A. The additive mapping H: A — B is given by

.1
H(x) = nango q—nh(q”x)

forall x € A.
Putx; =---=x;=xandz = w = 0in (2.x). For each . € T?,
ld 4—2C1—2(h(pux) — ph(x)| < ¢(x,---,x,0,0)
———
d times

forall x € A. So

g "lld 4—2Ci—2(h(nq"x) — ph(q"x))Il < g "@(g"x,--- ,4"x,0,0)
|y —

d times

forall x € A. By (2.ix),

q7"ld a—2C—2(h(qg"x) — ph(g"x)| — 0

asn — oo forall w € T*and all x € A. Thus

q " h(nq"x) — wh(g"x)|l — 0
asn — oo forall u € T*and all x € A. Hence

h(q" ux) _ lim

q n—oo

W)

H(ux) = lim
n—o00
forall w € T*and all x € A.
By the same reasoning as in the proof of Theorem 2.1, the unique additive
mapping H: A — B is a C-linear mapping.
By a similar method to the proof of Theorem 2.1, one can show that the
mapping 2: A — B is a Poisson J C*-algebra homomorphism. 0
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Corollary 2.8. Leth: A — B be a mapping satisfying 2(0) = 0 and 4 (¢"u o
y) = h(@"u)oh(y)forally e A,allu e U(A)andn =0, 1,2, ---, forwhich
there exist constants & > 0 and p € [0, 1) such that

d
+a-2Ci1 Z ph(x;)

lld dZCZZh(
Jj=1

Mx1+"'+de+ {z, w} )
d dg-2C»

-y M%M)—{h(z),h(u}nn

I<ji<--<ji<d
d
<0 1117 + 1zl + lwll?)
j=1

forall u € TY,and all xq, - - - , x4, z, w € A. Assume lim,,_ o % — ¢'. Then
the mapping 4: /A — B is a Poisson JC*-algebra homomorphism.

Proof. Define g(xi, -, xq, 2, w) = O % 1117 + [12]1” + ||w||”), and
apply Theorem 2.7. O

One can obtain similar results to Theorems 2.3 and 2.4 for the Trif functional
equation.
3 Stability of homomorphismsin Poisson JC*-algebras
We are going to show the Cauchy—Rassias stability of homomorphisms in Poisson

J C*-algebras associated with the Cauchy functional equation.

Theorem 3.1. Leth: A — B be a mapping with #(0) = 0 for which there
exists a function ¢: A% — [0, oo) such that

o(x,y,z,w,a,b) = ZZﬁjcp(ij, 2/y,2/2,27w,27a,2/b) < oo, (3.0)
=0

IA(pnx + ny +{z, w} +aob) — ph(x) — ph(y) — {h(z), h(w)}
—h(@)oh)| < ex,y,z,w,a,b) (3.i)

forall w € T*and all x, v, z, w, a, b € A. Then there exists a unique Poisson
J C*-algebra homomorphism H: A — B such that

1
lh(x) — Hx)| < 55(}6,)6, 0,0,0,0) (3.iii)
forall x € A.
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Proof. Putz=w=a=b=0andu =1 e T in (3.ii). It follows from
Gavruta’s Theorem [2] that there exists a unique additive mapping H: A — B
satisfying (3.iii). The additive mapping H: A — B is given by

.1
H(x) = lim Z—nh(Z”x)

forall x € A.
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 3.2. Leth: A — B be a mapping with 2(0) = 0 for which there
exist constants # > 0 and p € [0, 1) such that

lh(pux + py +{z, w} +aob) — wh(x) — ph(y)
—{h(2), h(w)} — h(a) o h(b)||
<6dIx1” + 1IylIl” + 11zll” + [lw]” + [lall” + [1b]]7)

forall w € T*and all x, y, z, w, a, b € A. Then there exists a unique Poisson
J C*-algebra homomorphism H: A — B such that

Ih(x) = H)Il <

< 55 IxIl”

forall x € A.

Proof. Define
e(x,y,z,w,a,b)y =0(x||” + IyII” + lzll” + [w]|” + |lal|” + ||b]|?),

and apply Theorem 3.1. O

Theorem 3.3. Leth: A — B be a mapping with 2(0) = 0 for which there
exists a function ¢: A% — [0, oo) satisfying (3.i) such that
lh(ux + py + {z, w} 4+ a o b) — puh(x) — ph(y)
—{h(z), h(w)} — h(a) o h(b)||
<o(x,y,z,w,a,b)
foru =1,i,andallx, y, z, w,a, b € A. Ifh(tx)iscontinuousins € R foreach

fixed x € A, then there exists a unique Poisson JC*-algebra homomorphism
H: A — B satisfying (3.iii).
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Proof. The proof is similar to the proof of Theorem 2.3. O

We are going to show the Cauchy-Rassias stability of homomorphisms in
Poisson J C*-algebras associated with the Jensen functional equation.

Theorem 3.4. Leth: A — B be a mapping with 4#(0) = 0 for which there
exists a function ¢: (A \ {0})® — [0, oo) such that

Py, zw,a,b) =Y 3793x,3/y,3/2,3/w,3/a,3/b) < oo,

=0
||2h(‘” trinvlee °b) — k() — ph(y)
(@), hw)) — h@) o hB)] < o, v 2w, asb)  (BV)

forall w € T* and all x, y,z, w,a,b € A\ {0}. Then there exists a unique
Poisson J C*-algebra homomorphism H: A — B such that

1. ~
[h(x) — H)Il < §(¢(x, —x,0,0,0,0) 4+ @(—x,3x,0,0,0,0))  (3v)

forall x € A\ {0}.

Proof. Putz=w=a=>b=0andu=1e Tin(3.iv). It follows from Jun
and Lee’s Theorem [4, Theorem 1] that there exists a unique additive mapping
H: A — B satisfying (3.v). The additive mapping H: A — B is given by

.1
H(x) = lim 3—nh(3”x)

forall x € A.
The rest of the proof is similar to the proof of Theorem 2.5. O

Corollary 3.5. Leth: A — B be a mapping with 2(0) = 0 for which there
exist constants 6 > 0 and p < [0, 1) such that

ux +uy +{z,w}+aob
2

—{h(2), h(w)} — h(a) o h(D)||

l125( ) = 1h(x) — ph(y)

< OUx1” + 1y 4+ Hzll” + Hwll” + llall” + 116117)
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forall w € T* and all x, y,z, w,a,b € A\ {0}. Then there exists a unique
Poisson J C*-algebra homomorphism H: A — B such that

3+ 37

Ih(x) — H)Il < 33

61]x]1”
forall x € A\ {0}.

Proof. Define
e(x,y,z,w,a,b)y =0(x||” + [IyII” + lzlI” + [[w]|” + |lall” + ||b]|?),

and apply Theorem 3.4. O

One can obtain a similar result to Theorem 3.3 for the Jensen functional equa-
tion.

Now we are going to show the Cauchy-Rassias stability of homomorphisms
in Poisson J C*-algebras associated with the Trif functional equation.

Theorem 3.6. Leth: A — B be a mapping with 2(0) = 0 for which there
exists a function ¢ : A9*+* — [0, co) such that

o0
Pxy, -+, xq, 2, w,a,b) = Zq‘jw(qjm, . q'xa, 472, 47w, q7a, q7b) < oo,

j=0

d
x14+---4+uxg {z,w}l4+aob
||dd_zcz_zh<“ s o )+d_2c1_12uh<x,->

j=1
1Y uh(w)—{h(z),h(w)}—h(a)oh(b)ll
1<ji<-<ji<d

S(p(xlvl" »Xd, 2, W, a, b) (3V|)

forall © € T and all x1, --- , x4, 2, w, a, b € A. Then there exists a unique
Poisson J C*-algebra homomorphism H: A — B such that

1
Ih(x) — Hx)|| < ————¢(gx,rx,---,rx,0,0,0,0) (3.vii)
l-q-1Cia —_—

¢

d — 1 times

forall x € A.
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Proof. Putz=w=a=5b=0andu =1 e T!in (3.vi). It follows from
Trif’s Theorem [18, Theorem 3.1] that there exists a unique additive mapping
H: A — B satisfying (3.vii). The additive mapping H: A — B is given by
1
H(x) = lim —h(g"x)
n— 00 q”

forall x € A.
The rest of the proof is similar to the proof of Theorem 2.7. O

Corollary 3.7. Leth: A — B be a mapping with 2(0) = 0 for which there
exist constants 6 > 0 and p < [0, 1) such that

d

Ux1 4+ -+ 4 ux {z,w}+aob

d d—2C1—2h< : y 4+ 4,200 +4-2C11 E ph(x;)
_2Cy_ =

-1y Mh(u)—{h(z),h(w)}—h(a)oh(b)ll

l<ji<-<ji=d

d
59(Z||x,,~||P+ l2l1? + [[wll? + llal” + ||b||f’)

j=1

forall u € T and all x1, --- , x4, 2, w,a, b € A. Then there exists a unique
Poisson J C*-algebra homomorphism H: A — B such that

g P(g" +(d=Dr"e

h(x) — H(x)| < [x1”
1 4-1Ci_1(g*P —1)
forall x € A.
Proof. Define
d
o(x1, -+, xq,2,w,a,b) = 9<lelel”+ zI1” + wl|” + [lal]” + IIbII”),
j=1
and apply Theorem 3.6. O

One can obtain a similar result to Theorem 3.3 for the Trif functional equation.

Bull Braz Math Soc, Vol. 36, N. 1, 2005



9 C. PARK

References

[1] V.A. Faiziev, Th.M. Rassias and P.K. Sahoo, The space of (v, y)-additive map-
pings on semigroups, Trans. Amer. Math. Soc. 354 (2002), 4455-4472.

[2] P. Gavruta, A generalization of the Hyers—Ulam-Rassias stability of approxi-
mately additive mappings, J. Math. Anal. Appl. 184 (1994), 431-436.

[3] K.R. Goodearl and E.S. Letzter, Quantum n-space as a quotient of classical
n-space, Trans. Amer. Math. Soc. 352 (2000), 5855-5876.

[4] K. JunandY. Lee, A generalization of the Hyers—Ulam-Rassias stability of
Jensen’s equation, J. Math. Anal. Appl. 238 (1999), 305-315.

[5] R.V. Kadison and G. Pedersen, Means and convex combinations of unitary op-
erators, Math. Scand. 57 (1985), 249-266.

[6] R.V.Kadisonand J.R. Ringrose, Fundamentals of the Theory of Operator Alge-
bras, Elementary Theory, Academic Press, New York, 1983.

[71 S. Oh, C. Park and Y. Shin, Quantum n-space and Poisson n-space, Comm.
Algebra, 30 (2002), 4197-4209.

[8] S.Oh, C. Park and Y. Shin, A Poincaré-Birkhoff-Witt theorem for Poisson en-
veloping algebras, Comm. Algebra, 30 (2002), 4867-4887.

[91 C. Park, On the stability of the linear mapping in Banach modules, J. Math.
Anal. Appl., 275 (2002), 711-720.

[10] C. Park, Modified Trif’s functional equations in Banach modules over a C*-
algebra and approximate algebra homomorphisms, J. Math. Anal. Appl., 278
(2003), 93-108.

[11] C. Park and W. Park, On the Jensen’s equation in Banach modules, Taiwanese
J. Math., 6 (2002), 523-531.

[12] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72 (1978), 297-300.

[13] Th.M. Rassias, On the stability of functional equations and a problem of Ulam,
Acta Appl. Math. 62 (2000), 23-130.

[14] Th.M. Rassias, The problem of S.M. Ulam for approximately multiplicative map-
pings, J. Math. Anal. Appl. 246 (2000), 352-378.

[15] Th.M. Rassias, On the stability of functional equations in Banach spaces, J.
Math. Anal. Appl. 251 (2000), 264-284.

[16] Th.M. Rassias and P. Semrl, On the behavior of mappings which do not satisfy
Hyers—Ulam stability, Proc. Amer. Math. Soc. 114 (1992), 989-993.

[17] Th.M. Rassias and P. Semrl, On the Hyers—Ulam stability of linear mappings, J.
Math. Anal. Appl. 173 (1993), 325-338.

[18] T. Trif, On the stability of a functional equation deriving from an inequality of

Popoviciu for convex functions, J. Math. Anal. Appl. 272 (2002), 604-616.

Bull Braz Math Soc, Vol. 36, N. 1, 2005



HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 97

[19] H. Upmeier, Jordan Algebras in Analysis, Operator Theory, and Quantum Me-
chanics, Regional Conference Series in Mathematics No. 67 Amer. Math. Soc.
Providence, 1987.

[20] P. Xu, Noncommutative Poisson algebras, Amer. J. Math. 116 (1994), 101-125.

Chun-Gil Park

Department of Mathematics
Chungnam National University
Daejeon 305-764

SOUTH KOREA

E-mail: cgpark@math.cnu.ac.kr

Bull Braz Math Soc, Vol. 36, N. 1, 2005



